Abstract. We prove a universal characterization of Hopf algebras among cocommutative bialgebras over an algebraically closed field: a cocommutative bialgebra is a Hopf algebra precisely when every split extension over it admits a join decomposition. We also explain why this result cannot be extended to a non-cocommutative setting.
Introduction
An elementary result in the theory of modules says that in any short exact sequence
where the cokernel f admits a section s, the middle object X decomposes as a direct sum X -K ' Y . If, however, the given sequence is a short exact sequence of, say, groups or Lie algebras, then this is of course no longer true: then we can at most deduce that X is a semidirect product K¸Y of K and Y . In a fundamental way, this interpretation depends on, or even amounts to, the fact that X is generated by its subobjects kpKq and spY q. One may argue that, in a non-additive setting, the join decomposition X " kpKq _ spY q in the lattice of subobjects of X is what replaces the direct sum decomposition, valid for split extensions of modules. When the given split extension is a sequence of cocommutative bialgebras (over a commutative ring with unit K), we may ask ourselves the question whether such a join decomposition of the middle object in the sequence always exists. Although kernels are not as nice as one could expect [2, 3] , it is not difficult to see that if Y is a Hopf algebra then the answer is yes.
The main point of this note is that this happens only then, at least when K is an algebraically closed field. We shall prove, in other words, the following new universal characterization of cocommutative Hopf algebras among cocommutative bialgebras over K:
All split extensions over a bialgebra Y admit a join decomposition if and only if Y is a Hopf algebra. This result is along the lines of, and is actually a variation on, a similar characterization of groups among monoids, recently obtained in [12, 7] . There the authors show that all split extensions (of monoids) over a monoid Y admit a join decomposition if and only if Y is a group.
In fact something stronger than the existence of a join decomposition may be proved in a more general context; this will be the subject of Section 2, where we explore some basic aspects of split extensions of cocommutative bialgebras. In particular, we show that over a Hopf algebra, all split extensions of cocommutative bialgebras admit a join decomposition (Corollary 2.5). In Section 3 we focus on the other implication and prove that among cocommutative bialgebras over an algebraically closed field, only Hopf algebras admit join decompositions of their split extensions (Theorem 3.5). In the final Section 4 we explain why the constraint that the bialgebras in this characterization are cocommutative is essential. As it turns out, in a non-cocommutative setting, even the very weakest universal join decomposition condition is too strong.
Split extensions over Hopf algebras
A split extension in a pointed category with finite limits C is a diagram
where k is a kernel and s is a section of f . So f˝s " 1 Y , but a priori we are not asking that f is a cokernel of k, so that pk, f q is a short exact sequence, and this is not automatically the case. We do always have that K and Y , considered as subobjects of X, have a trivial intersection. Indeed, using that k is the pullback of 0 Ñ Y along f , it is easy to check that the pullback of k and s is zero. In this general context, a join of two subobjects may not always exist, but the concept introduced in the next definition expresses what we want, and agrees with the condition that X " kpKq _ spY q whenever that expression makes sense-as it does in any regular category with binary coproducts, for instance [4] . Definition 2.1. A pair of arrows pk, sq with the same codomain X is jointly extremally epimorphic when the arrows k and s cannot both factor through one and the same proper subobject of X: whenever we have a diagram
where m is a monomorphism, necessarily m is an isomorphism. We say that a split extension as above is strong when pk, sq is a jointly extremally epimorphic pair; the couple pf, sq is then called a strong point. When we say that a split extension admits a join decomposition, we mean that it is strong. The given split extension is said to be stably strong (the couple pf, sq is a stably strong point) when all of its pullbacks (along any morphism g : W Ñ Y ) are strong. Following [12] , we say that an object Y is protomodular when all split extensions over Y are stably strong.
Remark 2.2. It is easily seen [12] that the split epimorphism f in a strong point pf, sq is always the cokernel of its kernel k. This means, in particular, that all split extensions over a protomodular object Y , as well as all of their pullbacks, are (split) short exact sequences which admit a join decomposition.
Remark 2.3. When all objects in C are protomodular, C is a protomodular category in the sense of [5] . Next to Barr exactness, this is one of the key ingredients in the definition of a semi-abelian category [9] , and crucial for results such as the 3ˆ3 Lemma, the Snake Lemma, the Short Five Lemma [6, 4] , or the existence of a Quillen model category structure for homotopy of simplicial objects [15] . Typical examples are the categories of groups, Lie algebras, crossed modules, loops, associative algebras, etc. As recently shown in [8, 10] , also the category of cocommutative Hopf algebras over a field of characteristic zero is semi-abelian.
Given a category with finite products C , we write MonpC q for the category of internal monoids, and GppC q for the category of internal groups in C . For a commutative ring with unit K, we let CoAlg K,coc denote the category of cocommutative coalgebras over K. It is well known [14] that there is an equivalence between the category BiAlg K,coc of cocommutative bialgebras over K and MonpCoAlg K,coc q, which restricts to an equivalence between the category Hopf K,coc of cocommutative Hopf algebras over K and GppCoAlg K,coc q. This is easily seen using that in CoAlg K,coc the product XˆY is X b Y and 1 is K. Proof. Consider in MonpC q the commutative diagram
where the bottom right square is a pullback, m is a monomorphism, and Y is an internal group. We shall see that m is an isomorphism. Since only limits are considered, the whole commutative diagram is sent into a category of presheaves of sets by the Yoneda embedding, in such a way that the internal groups and internal monoids in it are mapped to ordinary groups and monoids, respectively. Since the Yoneda embedding reflects isomorphisms, it now suffices to give a proof in Set. There, it is easy to see that m is an isomorphism, since every element pw, xq of WˆY X can be written as p1, x¨spgpwq´1qq¨pw, sgpwqq, where clearly the first element belongs to the kernel of π 1 and the second one comes from W . It follows that, over a Hopf algebra, split extensions of bialgebras are wellbehaved; not only are they short exact sequences, but it is also not hard to see that the Split Short Five Lemma holds for them, so that equivalences classes of split extensions may be considered as in ordinary group cohomology.
A universal characterization of cocommutative Hopf algebras
The converse is less straightforward. In the case of groups and monoids (C " Set in Theorem 2.4), it was shown in [12] (resp. in [7] ) that all points in Mon over Y are stably strong (resp. strong) if and only if Y is a group. However, those proofs involve coproducts, and so a Yoneda embedding argument as in Theorem 2.4 would not work.
We now let K be an algebraically closed field. We consider the adjoint pair
where the left adjoint Kr´s is the monoid algebra functor and the right adjoint G sends a bialgebra B (with comultiplication ∆ B and counit ε B ) to its monoid of grouplike elements GpBq " tx P B | ∆ B pxq " x b x and ε B pxq " 1u.
Lemma 3.1. Kr´s preserves monomorphisms.
Proof. The functor Kr´s sends any monoid monomorphism to a bialgebra morphism of which the underlying vector space map is an injection.
Our aim is to prove that G preserves protomodular objects: then for any protomodular bialgebra B, the monoid of grouplike elements GpBq is a group, so that B is a Hopf algebra by [14, 8. Since protomodular objects are closed under retracts [12] , it follows that if B is a protomodular bialgebra, then so is KrGpBqs. 
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KrGpY qs i ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ KrGpsqs l r commute. Applying Kr´s we obtain the diagram on the right, in which Krms is a monomorphism by Lemma 3.1. Since, by the above, the bottom pair is jointly extremally epimorphic, we see that Krms is an isomorphism. But then also m " GpKrmsq is an isomorphism, which proves our claim that pGpkq, Gpsqq is a jointly extremally epimorphic pair. Proof. Consider a split extension
over GpY q. We apply the functor Kr´s, then take the kernel of Krf s to obtain the split extension of bialgebras
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From Proposition 3.2 it follows that all split extensions over KrGpY qs are strong. Hence pl, Krssq is a jointly extremally epimorphic pair. Applying the functor G, we regain the original split extension, since G is a right adjoint, thus preserves kernels; but G also preserves jointly extremally epimorphic pairs by Proposition 3.3, so that the pair pk, sq is jointly extremally epimorphic. As a consequence, all split extensions over the monoid GpY q are strong, and GpY q is protomodular [7] . 
Proof. (i) implies (iii) is Theorem 2.4, and (ii) is obviously weaker than (iii).
For the proof that (ii) implies (i), suppose that all split extensions over Y admit a join decomposition. Then Proposition 3.4 implies that in Mon all split extensions over GpY q are strong. Hence GpY q is a group by the result in [7] , which makes Y a Hopf algebra by [14, 8. 0.1.c and 9.2.5].
Remark 3.6. This implies that the category BiAlg K,coc cannot be protomodular: otherwise all bialgebras would be Hopf algebras. In particular, the Split Short Five Lemma is not generally valid for bialgebras.
On cocommutativity
In this final section we study what happens beyond the cocommutative setting. Here K is a field.
All objects in the category of cocommutative K-bialgebras satisfy a certain weak join decomposition property: being a category of internal monoids (in CoAlg K,coc ), the category BiAlg K,coc is unital in the sense of [4] . Given an object Y , it is said to be a unital object [12] when every split extension of the type
is strong. Notice how this condition is symmetric in X and Y . So protomodular objects are always unital of course, but in fact this condition is weak enough to be satisfied by all cocommutative bialgebras over K.
Let us now leave the cocommutative setting and ask ourselves what it means for an object Y in BiAlg K to be unital-a very weak thing to ask, compared with the condition that all split extensions over Y are (stably) strong. Proof. Given any bialgebra X we may consider the diagram
We are first going to prove that the comparison morphism
Note that it is almost never an injection; for instance, taking X " Y to be a tensor algebra T pV q (with counit ε T pV q pvq " 0 for v P V ) yields easy counterexamples. However, in the category BiAlg K , monomorphisms need not be injective [13, 1] .
Let h : Z Ñ X b Y be a morphism of bialgebras. We write
It suffices to prove that h " pf b gq˝∆ Z as vector space maps for our claim to hold. Indeed, if h and h 1 induce the same f and g, then the given equality of vector space maps proves that h " h 1 . Since h is a coalgebra map, we have that ∆ XbY˝h " ph b hq˝∆ Z . Writing τ X,Y : X b Y Ñ Y b X for the twist map, we calculate:
It follows that m is a monomorphism. Moreover, m makes the diagram
commute. The assumption that Y is unital tells us that m is an isomorphism.
This immediately implies that any unital object Y in BiAlg K has to be cocommutative, since ∆ Y : Y Ñ Y b Y is the morphism of bialgebras x1 Y , 1 Y y : Y Ñ YˆY . In particular, the category BiAlg K is not unital, so it cannot be protomodular, and not even Mal'tsev [4] . However, the situation is actually much worse, since it almost never happens that X b Y is the product of X in Y in the category of all K-bialgebras-not even when both X and Y are cocommutative. In fact, K itself cannot be a protomodular object in BiAlg K , since this would imply that all objects of BiAlg K are unital [12] . As we have just seen, this is manifestly false.
The same holds for the category Hopf K of Hopf algebras over K. At first this may seem to contradict results in [11] on split extensions of Hopf algebras. We must keep in mind, though, that for a Hopf algebra H, the map x1 H , 0y in the diagram is the kernel of π 2 , but π 2 need not be its cokernel, unless H is cocommutative. Hence this diagram does not represent a short exact sequence, and so neither Theorem 4.1 nor Theorem 4.2 in [11] saying that HˆH -H b H applies. We conclude that it makes no sense to study protomodular objects in BiAlg K or in Hopf K , and we thus restrict our attention to the cocommutative case.
